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We deduce the Lax pair for a new space-dependent  KdV equation, u t = 
-�88 uxx x + 6uux ) + ,lUx/ X2 + flu / x 3, via the technique of  Painlev6 analysis. From 
it, infinitely many  conservation laws are deduced and the symplectic structure 
is obtained. 

The extension of the integrable class of nonlinear equations is one of 
the most important aspects of present research. Of late, various extensions 
and modification of  the usual KdV equation have been suggested (Roy 
Chowdhury and Mahato, 1982; Nakamura and Chen, 1981). Here we 
propose a new space-dependent KdV equation and prove its complete 
integrability via a Painlev6 analysis along the lines of Weiss (1983). In the 
course of our analysis we deduce the Lax pair from this singular point 
analysis. The deduced Lax pair then yields infinitely many conservation 
laws, which can be used to deduce the Hamiltonian and the symplectic 
operator pertaining to the Hamiltonian structure. 

We study the equation 

= 5 - -  - -  (1) U t -Z(Uxxx+6UUx)+ ux. flu 
~l x 2 -t  x3 

We set, following Weiss, 

u = E u2(x, t)4) ~+j (2) 
j=O 
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with a < 0  and O(x, t)=O being the solut ion manifold .  C o m p a r i n g  the 
leading s ingular  terms,  we get a = - 2 ,  and f rom the general  coefficient o f  
~ - 2 + j  w e  get 

uj+2,, + ( j  + 1) ~,~tUj+3 

= -~[  uj+2,~xx + 3 ( j  + 1) u;+3,xx~G + 3( j  + 2) ( j  + 1) uj+4,~q5~ 

+ 3 ( j +  1)uj+3,xdaxx+(j+3)(j+2)(j+ 1)uj+563 

+ 3 ( j + 2 ) ( j +  1) uj+4C~xdPxxq-(jb 1)uj+3d)xxx] 

-- y l'lj+4-kUkx + Y. uj+5-kuk(k - 2){bx 
k 

"{- ~ [/'/j+2 x + (J  "q- 1)Uj+3(J~x] "~-~3 Uj+2 (3) 
X ' X 

Equa t ion  (3) leads to 

Uo = -2d} 2 (4) 

and  the equa t ion  for  the resonances  

( r +  1 ) ( r - 4 ) ( r - 6 )  = 0 (5) 

which is, for  r = - 1 ,  4, 6, the same as the usual  KdV problem.  We also have  

ul = 24}x~ (6) 

The  arbi t rar iness  of  the expans ion  coefficients at r = 4 and  6 are easy to 
verify;  we here p roceed  direct ly to the ma jo r  p rob l em o f  obta ining the Lax 
pa i r  for  the present  equat ion.  For  this pu rpose  we t runcate  the W T C  series 
[equat ion  (2)] at the cons tant  level, that  is, we set u3 = u4 = u5 -= u6, and  so 
on. F rom this we obta in  the consis tency condi t ion in the fo rm 

-2Uo{b, = s 2 --a(--6U0xxq5~ + 6U1~4}x -- 6 U0x thXx + 6 Uffb~{bx~ -- 2uo{bx~) 

UoUlx - 2U2Uo4b, - u2 6x) -2--~2 Uo6x (7) ~ Ul Uox + 
X -  

and  

= - ~ ( U o x x x  - 3 u, , ,x 6 x  - 3 u . , , & ~  - u~ G x x )  UI(~ t 5 

._[_ ~2 (/dO x ]3Uo 15 -- Ul(J~x) " ~ - 7  -- ~(U2UOx -I"- UlUlx -}- UOU2x -- U2Ul (~2) (8) 
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Substi tuting the values o f  ul and u0, we obtain 

449x49, + 2049~49x~ - 1549x + 3 0 4 9 ~ u 2 - ~ - g 2  2 4~7 492 = 0 (9) 

47/ 4/3 2 8~7 
449x49x, + 5 49~49x~ - - ~  49x49xx --~-S 49x + 3049~49xxu2 ---~- 49 2 = 0 (10) 

x 

and for r = 6 

U2t =- --5( U2xxx-JC-6U2U2x)-t--~ U2x-l--'~ U 2 (11) 

SO u2 is again a solut ion o f  the same equat ion and the WTC Expans ion  
can serve as a Backlund t ransformat ion.  It reads 

u = Uo49-z+ u149 -~ + u2 
0 2 

= 2~x2 In 49 + u2 (12) 

Eliminating u2 from (9) and (10), we get 

49' +�88 x} = A (13) 
49~ 

if  7/ and /3 are related b y / 3  = -2 r /  and ~7 = 15, where a is an integrat ion 
constant .  So from (9) we deduce  

+2A 1 49=~+1 2 2 
49~'x + - -  (14) 

u2 ] - ~ = - ~  49= 4 49~ x 2 

In equat ion  (13), {49, x} denotes  the Schwarzt ian derivative defined by 
(Weiss, 1984) 

{ 49, x} . • ( 49 4 149:  
- 0 x  \ 49~/ 2 49] 

I f  we now set 49 = v 2, then (14) at once is conver ted to 

15 x2 } v (15) 

which is something like a Schr6dinger  equat ion with an external  field. On 
the other  hand,  writing (13) in the form 

5 2A vx 2 
49,= ~ +  u 2 ~  49x 

and differentiating with respect  to x, using (15) and 49 = v 2, we get 

5 (  14 l)vx+5(U2x+l_~ ~ 
v ,=  u2+-i-~A-~-  ~ 4 \  4 x / v  (16) 
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Equations (15) and (16) comprise the Lax pair for equation (1). So in this 
part  we have proved the complete integrability both in the sense of  Painlev6 
and in the sense of being associated with a Lax pair. 

Let us now set out to study the asymptotic behavior  of  (15) as x ~  a. 
By assumption, u 2-~ 0 as x ~ a, so for v we set 

L v = exp[i(2h'/15)l/2x] + X dx' (17) 

whence the equation for X reads 

2 
Xx+X2+2ikx + u 2 - ~ 5  = 0 (18) 

where k =  (2h ' /15)  ~/2 
Expanding X in negative powers of  k 

X = ~ (2ik)-"X. (19) 
n=O 

and substituting into (18), we get 

along with 

2 4u 4 4 
3(, = U x --  U "~-~-'~'~ X3 X4 

(20) 

(2) 
x.x+Ex.-..xm+x.+,+ ,,--~ a..o=O (21) 

which yields an infinite set of  conserved quantities. Each of these conserved 
quantities may serve as Hamiltonian for the system. It is not difficult to 
observe that equation (1) can be written as 

/'/t --'~ O ,  - -  
6u 

where O1 is a symplectic operator,  

0 1 = - - 8  2 x D - D 2  - -~(2uD+2Du)  (22) 

Two important  differences from the case of  the usual KdV equation are to 
be noted. First, the Hamiltonians are explicitly space dependent  and so is 
the symplectic operator 01 . Equation (22) is similar in form with the second 
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Hamiltonian form of the usual KdV equation. Finally, before we conclude, 
we make some observations regarding the symmetry structure of our 
equation. Equation (1) is scaling invariant with the generator 

T]I = 2 u  + x u x  + 3 t u ,  

and it is also invariant under the transformation (Bluman and Cole, 1974) 
x *  = x +  c A ,  t*  = t +  eB ,  u *  = u - e . 4 A / x  3, where A and B are constants. 
This suggests the transformation 

2 
u = - ~ - 5 + f ( B x  - A t )  (23) 

and setting (23) in (1), we get 

~(B3fe~ + 3Bf 2) = A f +  D (24) 

which is nothing but an ordinary Painlev6 class equation (Ince, 1935). 
In the above analysis we have suggested a new space-dependent, 

completely integrable KdV equation, for which all the properties of 
integrable nonlinear equations are seen to hold. 
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